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Abstract. We show that for quasi-greedy bases in real or complex Banach spaces 
the error of the thresholding greedy algorithm of order N is bounded by the best N- 
term error of approximation times a function of N which depends on the democracy 
functions and the quasi-greedy constant of the basis. If the basis is democratic this 
function is bounded by Clog A. We show with two examples that this bound is 
attained for quasi-greedy democratic bases. 



1. Introduction 

Let (X, ||.||) be a Banach space (real or complex) and B = {ej}° ( L l a countable 
normalized basis^. Let , A = 1, 2, 3, . . . be the set of all y G X with at most A 
non-null coefficients in the unique basis representation. For x G X, the A-term error 
of approximation with respect to B is 

a N (x) = a N (x;B,X) := inf \\x-y\\ x , N = 1,2,3,... 

•(/GEjv 

Given x = YlkLi a k( x ) e k G X , let n denote any bijection of N such that 

\a n (k)(x)\ > \<hr(k +1 )(x)\ for all k G N. (1.1) 
The thresholding greedy algorithm of order A (TGA) is defined by 

N 



G N (x) = G^(x;i3,X) := 2_^a nik) (x)e n{k) 



k=l 



It is not always true that Gn{x) — > x (in X) as N — > oo . A basis B is called quasi- 
greedy if Gn{x) — > x as — > oo for all x G X. This turns out to be equivalent (see 
[22| Theorem 1]) to the existence of some constant K such that 

sup||Gjv(x)|| <K\\x\\ forallxGX. (1.2) 

N 

We define the quasi-greedy constant K of the basis B to be the least K such that 
(ll.2p holds for all permutations ir satisfying (11. ip . 
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Given a basis B in a Banach space X, a Lebesgue-type inequality for the TGA 
is an inequality of the form 

\\x-G N {x)\\ < C(N)a N (x), xeX, 

where C (N) is a nondecreasing function of N. For a survey on Lebesgue-type inequal- 
ities for the greedy algorithm see [181 HH] an d the references therein. We specially 
mention the recent papers [201 EI], which deal with Lebesgue-type inequalities for 
quasi-greedy bases in LP spaces (see also [5]). 

The purpose of this paper is to study such inequalities for quasi-greedy bases in 
general Banach spaces, thus complementing and in some cases improving the results 
in [201 EH E] • Towards this end we define the sequence 

\\x-G N (x)\\ 
Un ■— sup — . 

Following the notation in previous papers, we write 

h r (n) 

hi(n) = inf II N eJI, h r (n) = sup II > eJI and /i(A r ) = sup r 

\A\=n ^ ]A]=n ^ n < N hi{n) 

These functions are implicit in the first works on TV-term approximation. For instance, 
f-i(N) is defined in [22], and hi, h r appear explicitly in [IT]. In [SJ E| the latter are 
called left and right democracy functions of the basis B. 
For A C N, we denote by Sa the projection operator 

X = J2j=l a j e j 1 $a(x) = J2j£A a j e j ' 

and consider also the sequence 

k N := sup \\S A \\- 

\A\<N 

Our main result is the following: 

Theorem 1.1. If {e J }°^ =1 is a (normalized) quasi-greedy basis in a Banach space X 
(real or complex), then 

Cat w vaax{fi(N),k N }, ViV = l,2,... (1.3) 

Remarks: 

(1) When {e^} is unconditional, then k^ = 0(1), so we obtain as a special case 
Theorem 4 in [22]. 

(2) For quasi-greedy bases it can be shown that 

&7v<clogiV. (1.4) 

This is essentially contained in [H Lemma 8.2] (see also [21 Lemma 2.3]). Since 
this result is often used in the paper, we outline a proof in §5 below. 

(3) When {e^} is quasi-greedy, some upper bounds for Cn have recently appeared 
in the literature: in [21] Theorem 2.1] it was shown that 

C N <fi(N)k N , (1.5) 

while in [TQl Thm 1.1] it is proved that 

°n < IT (<MA0logiv). (1.6) 

Kk<N 
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Notice that (11.31) . being an equivalence, improves strictly over these in some 
cases. For instance, if X is such that fi(N) ps (log TV)" and say ~ logiV, 
then (11.51) and (II. 6p would only give Cn < (logN) a+l , while Theorem 11.11 
implies Cn ~ (log A r ) min ^ Q ' 1 ^. For constructions of such examples, see (16. 9 p 
below. 

(4) When {e.,} is quasi-greedy and democratic (i.e. /i(iV) = 0(1)), then (11.31) and 
([LID give 

C N « k N < logiV. (1.7) 

We show in section 6 that this logarithmic bound can actually be attained, 
answering a question posed in [10] . One such example is given by the Haar 
basis in BV(R d ), d > 1 (see This is in contrast with the Hilbert space 
case, where it was recently noticed by Wojtaszczyk that k^ cannot attain log N 
see also §9 below). 



Let also denote by <7/v(x) the expansional best approximation to x, that is if x — 
Y^T=i a k e k , then 

& N (x) = a N (x\ B,X) := inf {\\x - V" a fc e fc ||}. 

A, \A\=N *■ — ' 
1 1 keA 

In this case it is known that, for quasi-greedy bases, 

cWsup 11 *:^ 11 w fi(N); (1.8) 
xeX o- N (x) 

see [2TJ Theorem 2.2] for the upper bound (the lower bound was essentially in |22j ; 
see also Proposition 13. II below). In [TO] it was asked whether one could prove bounds 
for Cn using (jl.8p and suitable bounds on the sequence 

a N {x) 
Dn '■= sup — — > 1. 

X6X 0- N (x) 

Here we prove the following 

Theorem 1.2. For any (normalized, not necessarily quasi-greedy) basis {ej} we have 

^f<D N <2k Nl ViV = l,2,... (1.9) 

Remark: The right hand side of (11.91) together with (jl.4p gives a N (x) < (log iV)cxAr(x) 
for quasi-greedy bases. This was noticed in Lemma 2.4], answering a question from 
|lUj . The left hand side of (II. 9p seems to be new. 

Our last result is the following theorem, which answers a question of Wojtaszczyk 
(personal communication to the second author on November, 2011). 

Theorem 1.3. // {e.,}^ is a quasi- greedy basis in X ; then there exists c > such 
that for all N, k = 1, 2, . . . 

\\x-G N +k{x)\\ < c(l + j^-) *n(x), VxgI 
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Results of this type have appeared before in the literature. For unconditional bases, 
this theorem was proved in [TTl Thm 5]; see also j23j Thm 4]. For quasi-greedy 
democratic bases it is essentially contained in [6]. Here we extend its validity to 
general quasi-greedy bases. 

A slightly weaker version of Theorem 11.31 can also be found in [13] ; namely, given 
N and k there exists a set A of cardinality not exceeding N + k such that 

\\x - Sa(x)\\ < c (l + ^ r ) ajv(ar), ViGl 
V hi{k) / 

The improvement in Theorem 11.31 consists in showing that the set A can be obtained 
by running the greedy algorithm. 

We finally remark that the proofs of Theorems 1 1 . 1 [ fl~2l and 1X731 combine ideas present 
in various of the above quoted references, but whose main lines essentially stem from 
the original work of Konyagin and Temlyakov [T2| . 

Acknowledgements. This work started when the second and third authors par- 
ticipated in the Concentration week on greedy algorithms in Banach spaces and com- 
pressed sensing held on July 18-22, 2011, at Texas A&M University. We express our 
gratitude to the Organizing Committee for the invitation to participate in this meet- 
ing. In addition, the third author thanks the second author for arranging his visit 
to UAM, where this work continued. A preliminary version of this paper (pLOj) was 
written by the second author and posted in ArXiv in November 2011. 



2. Proof of Theorem IX.lt upper bounds 

The proof follows the strategy developed in [T2] , together with two known estimates 
for quasi-greedy bases. First, as mentioned in §1, there exists a (smallest) constant 
K such that 

||Gjv(z)|| < K\\x\\, VxGX, VA= 1,2,..., (2.1) 
see [221 Th 1]. Also, there exist c 1; c 2 > such that 

ci(min|a fc |) || V]e fe || < ||V"a fe e fe || < c 2 (max |a fc |)|| Y^e fc ||. (2.2) 

keA z — ' z — ' keA z — ' 

keA keA fceA 

These inequalities are proved in [6], Lemmas 2.1 and 2.2] for real scalars a^, setting 
Ci = 1/(4A' 2 ) and c 2 = 2A. For completeness, in the appendix (§10) we outline the 
proof also for complex scalars a^, in which case one can let ci = l/(8y/2K 2 ) and 
c 2 = 4V2K. 

We shall write a* k (x) for the decreasing rearrangement of the basis coefficients of x; 
that is, if x = Yl'jLi a j e ji we se ^ a t( x ) = l a vr(fe)| when n is any permutation of N such 
that | a n (i)\ > \a n (2)\ > l a 7r(3)| > ••• As in [10], we shall use the following simple (but 
crucial) observation. 

Lemma 2.1. For all A C N and xeXwe have a* k (SA(x)) < a t( x )- 

We now prove the theorem. Fix N > 1 and x G X. Take any y = XljeA %' e i w ith 
\A\ = N. We shall show that 

\\x — Gn(x)\\ < c max{/i(A), k^} \\x — y\\. (2.3) 
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Then, taking the infimum of the right hand side over all y G Sjy, we obtain the upper 
estimate for Cat in ( II. 3p . 

Write G N {x) = S T (x) with \T\ = N. Then 

||a; - G N (x)\\ = \\x — S A (x) + S A (x) — S T (x)\\ 

< ||x-SU(x)|| + ||S' A \r(a:)|| + ||5'r^(a;)||. 

The first and third terms are easily bound by ck^Wx — y\\; namely, 

||x - S A (x)\\ < \\x - y\\ + \\S A (y) - S A (x)\\ < (1 + k N )\\x - y\\, 

while 

H^r^^H = ||5r\i4(a: - y)\\ < k N \\x-y\\. 
We next show that HS^r^H can be controlled by c[i(N)\\x — y\\. First notice that 

||5A\r(^)|| < c 2 (max \a k \) || ^ e fe || < c 2 /i(iV) (min \a k \) || V, e fe || (2.4) 

fc 6 A\r fce f 

where we choose as T any set of cardinality \F\ = \A\F\ = \F\A\ in which x — y 
attains the largest coefficients, i.e. G\r\ A \(x — y) = Sf,(x — y). From Lemma |2~T1 one 
easily sees that 

min \a k (x)\ = min \a k (S T \ A (x - y))\ = a* r \ A \ (S T \ A (x - y)) 

< ar r \ A \ (x-y) = min | a k (x - y) \ . 
fcer 

Thus, using again (12. 2p . one can bound the right side of (12. 4p by a constant times 

v{N)\\S f {x-y)\\ = ii{N)\\G\ V \ A \{x-y)\\ < K fi(N) \\x — y\\, 

as we wished to prove. Notice that the final multiplicative constant involved in this 
process is of order KC2/C1 = 0(K A ). □ 

3. Proof of Theorem 11.11 lower bounds 

The bound Cn > was proved by Wojtaszczyk when {e.,} is an unconditional 

basis; [22, Thm 4]. As pointed out in [10], these arguments can easily be adapted to 
the more general setting of quasi-greedy bases; we include the proof for completeness. 
Recall that K is our notation for the quasi-greedy constant defined in (12.11) . 

Proposition 3.1. If {ej} is quasi greedy then Cn > Cn > 3^ ^(N). 

We shall use the following lemma. Here we denote 1 A = XljGA e i- 

Lemma 3.2. If {ej} is quasi greedy with constant K , then for every N there exist 
disjoint sets A, B such that 

\A\ = \B\<N and |^| > ^ n(N). 

\\~*-B\\ 

Proof. We may assume that fi(N) > 3K (otherwise choose \A\ = \B\ = 1). Then 
there exist A, B (not necessarily disjoint) with \A\ = \B\ < N and 

max{ y(N), 3K} < |^|. 
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The quasi-greedy condition implies that || l^ns || < i^||l_B||, which inserted above gives 

||1b|| II 1.4ns || 

and therefore || lyinB || < §||1a||- Thus 

II II < IIIahbII + I|1a\b|| < i ||1a|| , I|1a\b|| 



ilisll " IIIbII " 3 Ub\\ Ub\ 

which can be rewritten as 

II^-aII < 3 II^vbII 



iIIbII " 2 IIIbII ' 

Now set A := (A \ B) U C, for any C, disjoint with B, such that \A\ = \B\. Then 



h^(N)<^<l^4<lK l M 

P-B M-B J-B 



which gives the desired result since A fl B = 0. □ 

PROOF of Proposition I3.lt Consider sets A and B as in the lemma, and take 
any set C, disjoint with A U B, such that |C| = N — \A\ = N — \B\. Choosing 
x = (1 + 2e)l B + (1 + e)l c + 1a we have 

\\x-G N (x)\\ = \\1 A \\ > jgfJ.(N) \\1 b \\ > {1+ 2 £)3K n(N)a N (x), 

which proves the result when e — > 0. n 

To establish the lower bound in Theorem 11.11 it remains to show the following. 

Proposition 3.3. For any basis (not necessarily quasi- greedy) we have 

C N > k N /A. (3.1) 

Proof. Assume that > 4 (otherwise (13 .11) is trivial). For fixed N find A C N 
with \A\ < N and x G X such that HiS^x)!) > (fcjv/2)||x||. We may assume that 
x = ^2j G B x j e j w ith B finite and ||x|| = 1. Note that ||x — Sa{x) || > HiS^x)!) — ||x|| > 

W 4 - 

Take any number r > max \xj\, and set y = x — Sa{x) + rl^. Here A is any set of 
cardinality N containing A and (if necessary) some indices in B c . Then 

\\y-G N (y)\\ = \\x-S A (x)\\ > k N /4. 

On the other hand, since rlj — Sa(x) £ Sjv we have 

o- N (y) < \\y - (rl A - S A (x))\\ = \\x\\ = 1, 

which gives (13. ip . □ 
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4. Proof of Theorem 11.21 

The upper bound Dn < 2/cat is elementary. Indeed, let x e X and p = J2k&p bk&k £ 
Sjy with \P\ = N. Then, 

&n(x) < Ik — »Sj=»(a;) || < ||x — p\\ + \\S P (x — p)\\ < (1 + k N )\\x — p\\. 

Taking the infimum over all p G Sjy we obtain 

M^) < (1 + k N )a N (x) , 

which proves < 2&jv- 

For the converse we argue as in the proof of Proposition 13.31 That is, we choose 
an x = J2jeB x j e j with ||x|| = 1, and a set A so that ||x — 6^(2;) || > k N /4, and we 
let y = x — Sa(x) + rl_j as before. This time we shall choose r > (2 + k^ + /c2tv)2c, 
where c is the basis constant, and we shall prove that, with this choice 

My) > ¥My), 

which clearly implies .Djv > fcjy/4. 

As shown before, cr^iy) < 1, so we need to prove that 

M?/) = lb - Yl x i e i ~ rl AncW > W*- (4-1) 

(B\A)nC 

Suppose we are given one such set C which is not equal to A. Then there must be 
some jo £ A\C, and we would have 



/] x j e j r ^-Ar\C'\\ ~ II E x i e j + r ^-A\c\ 

(B\A)r\C B\(AUC) 



x j e j I 



> HKdl - II E 

B\(AUC) 

> £\\ej \\ ~ \\ x ~ S A uc(x)\\ > ^ - (1 + k 2N ) > 1 + k N , 

where in the third line we have used that e J0 = Pj (l^ c ) — Pj _i(l^ c ), and the 
partial sums operators Pj have norm bounded by c . On the other hand, if we use 
C = A we obtain a better estimate 

\\y - rl^W = \\x - Sa(x)\\ < 1 + k N . 

Therefore, 

Ml/) = h ~ rl A\\ = \\ x - S a(x)\\ > k N /4, 

proving (14. ip . 

5. An upper bound for k N 

We prove a bound for the constants k^ when {e,,} is a quasi-greedy basis. 

Theorem 5.1. // £/ie fraszs zs quasi-greedy, there exists c > sitc/j t/jai 

A;7v<clogA, VA = 2,3,... (5.1) 

This was essentially shown in |U Lemma 8.2] (see also [5j Lemma 2.3]), but we 
include a self-contained proof for completeness. We need two easy lemmas. 
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Lemma 5.2. Let (X, {e^}) be quasi- greedy. Consider x = ^ £ X and < a < 
(3 < oc . Let F = {i : |a;| £ (a,/3]}. Tnen ||S F (x)|| < 21f||x|| . 

Proof. Let G = {i : |a,j| > a} and H = {i : |aj| > /?}. By the definition of quasi- 
greediness, max{||S , G(x)||, ||S#(:c)||} < K\\x\\ . However, Sf(x) = Sq(x) — Sh(x) . 
Apply the triangle inequality to finish the proof. □ 

Lemma 5.3. Let (X, {e,,}) be quasi- greedy. Consider x = Y^i a i e i £ X and < a < 
f3 < oo . Then, for any P C F = {i : |a»| £ (a, /?]}, we aai>e 

||S P (x)|| < #^||^(x)||, 
Ci a 

where Ci,c 2 are as m (12. 2p . 

Proof. We use ( 12. 2 p (see [B] or Proposition 110.51 below). We have 

\\Sp(x)\\ = ||^a 4 e 4 || < c2/3||5^ei||. 

By quasi-greediness 

|| y^ej < A'H y^etii . 

Finally, 

ii y^ e iii < — — ii y^ a i e i\\ = —\\s 



C\OL c — ' C\Ct 



F lX) 



□ 



We now prove Theorem 15.11 Take \A\ = N > 2 . Let x = £V ajej . By scaling we 
may assume maxj |aj| = 1. Under this assumption 

INI > (5.2) 

In fact, if maxj |aj| = |aj | = 1 for some io, then 1 = |aj |||e io || = ||Gi(x)|| < i^||a:|| , 
proving (15. 2p . 

Let £ £ N so that 2~ e < -k < 2 1 ~ e . Represent A as a disjoint union of sets U e k=1 A k , 
where A k = {i £ A : 2~ k < \(n\ < 2 1 ~ k }, 1 < k < i - 1, and A e = {i £ A : \(n\ < 2 1 ~ e }. 
Then, by (JO]) . 

\\S At x\\ < WINI ^ < ^ < 2 < 2K\\x\\. 

For 1 < k < £ - 1, let F k = {% £ N : 2~ fc < |ai| < 2 1 ~ fc }. By Lemmas 15731 and I5T21 

||^(x)|| < d\\S Fh {x)\\ < c"\\x\\, 
with c" = AK 2 C2/ci. Therefore, 

i 

\\S A {x)\<^\\S Ah {x)\\ < (2K + c"(£-l))||x||. 

k=l 

As £ — 1 < log 2 AT, we have shown ( 15. ip with c of the order K 2 C2/c\ = 0(K 5 ). 
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6. Examples 

We compute (asymptotically) the Lebesgue-type constants Cn for some explicit 
examples of quasi-greedy democratic bases. Notice that, in view of Theorem for 
such bases we have 

C N « k N = sup || SUH . 

\A\<N 



Example 1: the Lindenstrauss basis. Consider the system of vectors in i 1 defined by 

x„ = e n - \ (e 2n + e 2n +i) , n = 1, 2, . . . 

where e n denotes the canonical basis. It is known that {x„}^ =1 is a monotone basic 
sequence in i 1 , and a conditional basis in its closed linear span D; see e.g. [151 P- 27] 
or [T6| p. 455]. The space D was introduced by J. Lindenstrauss in [T4] and has other 
interesting properties in functional analysis. In particular, it was shown by Dilworth 
and Mitra [7] that {x n }^ 1 is a quasi-greedy basis in D. 
Here we show that 



•'A' 



log AT, 



which in particular gives a direct proof that the Lindenstrauss basis is not uncondi- 
tional. By Theorem 15.14 it suffices to show the lower bound. We first notice that 



2n+l 



k=l k=2 k=n+l 



Now consider 



Clearly, 



X — ^2j=0 2^2i<k<2i+ 1 ^ Jx A: • 



n-1 

11x11^1 = 1 + 5] Yl \2- J -l2^^\ + 2 ~ n = 2 - 

i=l 2J<fe<2J+ 1 2™<fc<2™+ 1 

Now choose A = Uo<,-<» [2 j , 2 J+1 ) n N, so that iV := |A| « 2 n . Then, if say n is odd, 

j even 

n 

\\s A x\\ el = i + 2 ~ j = n+1 ~ logiV - 

j=l 2J<fc<2J+ 1 

Thus /cat > ||Sa|| > logiV, proving our claim. 

Example 2. An important example of quasi-greedy basis arises in the context of 
BV(W d ), d > 1. This space is not separable, so we consider the closed linear span X 
of the ci-dimensional (non-homogeneous) Haar system in the .BV-norm 



\\f\\BV(R d ) = II/IIlW) + l/l 



LBV 



where \f\BV is the total variation of the distributional gradient V/ (as defined e.g. in 
[21 (1.1)]). It follows from the results in [31 El] that the Haar system is a quasi-greedy 
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democratic basis in X (see e.g. [21 Thm 10] fl We claim that in this case 

k,N ~ log N. 

It suffices to show the lower bound. For this we will argue as in pQ, to find func- 
tions /n G £ 2 tv with || /at || (M d ) = 0(1), and sets An with \An\ = N such that 
\SaMn)\bv >clogN. 
To do this carefully we first set some notation. The Haar functions are defined by 

d 

h e ]M (x) = Yl h ee {2 j x e - k t ), j > 0, k G Z d , e G {0, l} d , x G R d , (6.1) 

t=\ 

where h° = X[o,i) an d h 1 = X[o,-) — X[A,i)- With this definition the Haar system is 
semi-normalized, i.e. c\ < \\h^ k \\ BV (K d ) < c 2- The (non-homogeneous) Haar system is 
obtained restricting to indices A = (j, k, e) with e ^ when j > 0. We sometimes 
write it % = {h\}\eA- As explained above, it is a quasi-greedy democratic basis in X, 
the || • || ^-closure of its linear span. 

Following [1] we consider the function / = X[o ) |]x[o,i] d - 1 anc ^ fn = Pinf ■, where Pj 
denotes the projection onto Vj = span{/ij k \j < J}. The Haar coefficients of / are 
easily computed, leading to the expression 

2n 

/. = im* + 1 E E » w 

j=0 k 2 ,...,k d 

Q<k e <23 

where k\{j) denotes the only integer such that \ G ttt), explicitly given by 



if j = even 



*iw = i 2 a 2 : J . ,7 (6.3) 

L — if 3 = odd. 

Using for instance [2U Corollary 12] one justifies that ||/ n ||BV = H^n/llBy = 0(1). 
Note also that /„ G Z 2N with N = 0(2 2n ^). 

Consider now the set A n consisting only of the indices in (16. 2p with j even, so that 
| Ail = N and 

2n 



(j),k 2 ,...,k d ) ■ 
3=0 k 2 ,...,k d 
J cvon 0<k e <23 



To estimate ISU^/rOlBV from below we shall use the following linear functional 



u G BV i — ► $M = / 9 Xl u. 



[i 00)X1 



-1 



This is bounded in BV since d Xl u defines a finite measure. Thus, 



\S An (fn)\BV> MS An (fn))\. (6.4) 



2 Dcmocracy is not explicitly stated, but follows easily from the inclusions I 1 <-> BV £ 1,00 as 
in [2J p. 239]. The fact that the Haar system is a basic sequence in BV (hence a basis in its closed 
linear span X), is a consequence of the uniform boundedness of the projections, see [2H Corollary 
12]. Finally, it is a seminormalized system with the normalization in (|6.ip : see (1.6)]. 



LEBESGUE-TYPE INEQUALITIES FOR QUASI-GREEDY BASES 11 

On the other hand, when (j, k, e) G A n we can compute explicitly 



$(^ e k ) = / 2^h l )\Tx 1 -k 1 U))dx 1 

= (hi)' [f - h(j),oo) 

= (5 - 2S 1/2 + 5i) [f - h(j), oo) = -1, 

where in the last step we have used (16.31) for j = even. Thus 

\*(S An {f n ))\=n/3 > clogN 

which together with (16 .4p proves our assertion. 

Example 3. We now show that Cn ~ may be strictly smaller than logiV. 
Modifying an example in [12], for 1 < p < oo we let X p be the closure of spanjej} 
with the norm 



{Xj)\\\ : = max 



{ 11(^)11^, sup | E^i^li- (6-5) 

m>l J 



A simple generalization of the arguments in [TJ] shows that the canonical basis is 
quasi-greedy and democratic in X p . We claim that, in this example, 

C^A^QogiV) 1 ^. (6.6) 

Clearly, for x = J2n=i e ™ G X p 

II-Sa^H^ < 1 1 ^ I Up < IHI- 

Also, if for simplicity we write \\x\\bp := sup m>1 | Yln=i ~w|) using Holder's inequality 
we have 

m 



71 = 1 



m 



< \\x\\ iP sup(^-) W < ( log l^l) 17 

m>l ^ __, Tl' 



n=l 
raSA 



These two inequalities give the upper bound in (16. 6p . 

On the other hand, testing with x = J2n=i itf^ an d A = {1, . . . , 2iV} D TL one 
easily sees that 

I x I « (logiV) 1/p and \\S A (x)\\ « log AT. 
This gives > (logiV) w , establishing (ESJ). 

Example 4. Above, we considered examples of quasi-greedy bases. We provide an 
example of a non quasi-greedy basis where 

km C n , D n ^ n, n = 1, 2, . . . . 

Consider the sequence space I 1 with the difference basis 

x l = ©1) x n = Gn ^n— lj Tl = 2, 3, . . . 
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Clearly, for finitely supported scalars (b n ), one has 

oo 

|| ^6 n X n || = |&i| + ^ \ b n+l ~ h n\- 
n n=l 

In particular, this basis is normalized with ||x„,|| = 2. 

Let y = Y^n=x Xn ' so IMI = Taking A = {2, 4, • • • , 2N} we obtain 

N 

\\s A (y)\\ = \\J2^n\\ = 2N. 

n=l 

Thus Icn > 11^(2/) \\/\\y\\ > 2iV. By Proposition l3.3l and Theorem 1 1.2 1 we then conclude 
that C N > k N ^D N >N. 

Example 5. The last example consists of a general procedure showing that 
and n(N) may essentially be arbitrary. 

Let X and Y be Banach spaces with respective (normalized) bases {e^} and {f,}. 
We consider the direct sum space X © Y, consisting on pairs (x, y) G X x Y with 
norm given by \\x\\x + \\v\\y- Clearly, the system^ {ei, fi, e 2 , f2, . . .} is a basis of X© Y. 
Moreover, we the have the following. 

Proposition 6.1. If {ej}^ =l is quasi-greedy in X and {i}}^ quasi-greedy in Y, then 
{ej, fjl^i is quasi-greedy in X © Y. Moreover, 

(a) = maxjfc^, kj^} 

(b) /^® Y (iV) « max{hf(N),hJ(N)} 

(c) xmn{hf(N/2),hJ{N/2)} < h^ Y (N) < mm{hf(N), hJ(N)}. 
Proof. The proof is elementary. Quasi-greediness follows from 

\\G N (x + y)\\ x ®Y < max (\\G k (x)\\ x + \\G N _ k (y)\\ Y ) < \\x\\ x + \\y\W- 

0<k<N 

The statement (a) is an easy consequence of the identity 

||SUiZ||x + ||SU 2 2/||y 



kf® v = sup sup 

\Ai\ + \A a \<N , „ \\ x \h + \\y\ 



Similarly, (b) follows from 



hf^(N)= sup (H^eillx+llE^I 



For (c) one uses 



hj® Y (N) = inf (|| Ve.llx+11 y;f,-|| Y )< wm{h}(N),h](N)}. 



|Ai|+|^ 2 |=JV 

For the lower bound notice that 

hf^(N) > min {t$(k) + hl(N-k)} > mm{hf(N/2),h](N/2)}, 

l<K<iV 

where in the last step one splits the cases k < N/2 and k > N/2, and uses that hf 
and h] are almost increasing (by quasi-greediness; see (110. ip ). □ 

3 As usual, in X Y one just writes x in place of (x, 0), and y in place of (0, y). 
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As a particular case, consider X as in Example 1, so that 

k$ « log A and hf(N) » hf(N) « A. (6.7) 
Consider also the space Y given by the closure of cqo with the norm 



||(^)lk = sup IVjl/i 1 + log \ A \T < (6-8) 
where a > is fixed. One easily checks that 



4 = 1 and hJ(N) = h Y r (N) 



1 + logA) ' 

Combining (16 .7p . (16. 8 p and Proposition 16.11 we see that X © Y has 

4® Y ^logA and // ffi¥ (A) « (logA) Q . (6.9) 

To show possible applications of our results, construct a quasi-greedy basis with 
~ M^O ~ log A. Theorem 11.11 shows that CV < log A?". This is an improvement 
over previously known estimates: both [2T], Theorem 2.1] and [IUJ Thm 1.1] only yield 
CV<(logA) 2 . 

7. Limitations 

One could use Theorem 15.11 to show that a given basis is not quasi-greedy, by 
establishing that its k^ constants grow faster than c log A for any c > 0. We also 
know that k^ = 0(1) characterizes unconditional bases. It is then fair to ask whether 
the slow growth k^ < clog A could characterize quasi-greedy bases. Below we show 
that it is not the case. 

Proposition 7.1. Suppose a sequence 1 < c\ < c 2 < . . . increases without a bound 
(perhaps very slowly). Then there exists a Banach space X with a normalized basis 
(ej) such that k 2 N < cn, and (e^) is not quasi-greedy. 

Proof. Without loss of generality, we may assume c n < n. Furthermore, passing to 
the sequence 

c' = min \ Cj, min Cjj/zj 

i<j 

if necessary, we may assume that the sequence {cj/j) is non-increasing. 

For j G N, let Sj = {5 J + 1, 5 J + 2, . . . , 5 J + 2j}. Define a norm on c 00 by setting, 
for x = (xi), 

| sup |xj|,supsup ^| ^(-1)^1 }, 



max 



and let X be the completion of coo in this norm. Denote the canonical basis in X by 
(ej), which is clearly a monotone basis. 

Note that (ej) is not unconditional with constant coefficients, hence not quasi- 
greedy. Indeed, for j e N, let S$ = {5 J + 1, 5 j + 3, . . . , 5 j + 2j - 1}. Then 



ej 1 1 = 1 , while 1 1 



II c i 
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It remains to show that ||Sb£|| < cn whenever \B\ < 2N, and ||x|| < 1. Write 
x = J2i x i e iy with supj \xi\ < 1. Let A 3 - = Sj PI B. Then ||Sbx|| < max{l,C}, where 

C = sup sup ^| ^(-1)^1 (7.1) 



sup 

n 



max | max ^ | yV-l)\ri|, sup^| ^(-1)^1 ) (7.2) 



< maxjmaxc,, sup — -\ = cu. (7.3) 

I 3<N i^N 1 ) 



j>N J 



□ 



8. Proof of Theorem 11.31 

We must show that 

\\x-G N+k (x)\\ < c{l + ^^-^a N (x), VxGX. (8.1) 

Observe that this quantifies how many iterations of the greedy algorithm may be 
necessary to reach ctn(x). As mentioned in §1 estimates of this sort were obtained 
in [131 El E31 [TT] , with its roots going back to the work of Konyagin and Temlyakov 
[12]. Our proof is a suitable combination of these ideas, plus the argument we used 
in Theorem 1 1.1 1 to control the term ||St\aOe)||- 

More precisely, take any p G Sjy, say with suppp C P and |P| = N. We shall 
compare G^ +k (x) with p + G k (x — p) G ^ N+k . Let T = suppGjy + k(x) and notice that 
B = supp Gk{x — p) can be chosenj such that B \ P C V. 

Then 

\\x — GN+k(x) || = \\x — Srx\\ 

< \\x - S PuB (x)\\ + \\S PuB (x) - S r x\\ 

< \\x - S PuB (x)\\ + \\S( PuB )\r(x)\\ + ||5 , r\(puB)(x)|| = h + h + h- 
The third term can be written as 

h = \\G\t\(pub)\(x - S PuB x)\\ < K\\x- S PuB (x)\\, 

so it suffices to estimate the first two terms. 

We begin with I 2 . Since B \ P C T, we have (P U B) \ V = P \ V. Use (J22D and 
the definition of h r to obtain 

h = \\S P \ r (x)\\ < c 2 max|q fc (a;)| [| y^e fc || < c 2 max \a k (x)\ h r (\P \ T\). 

PV p ^ r f\r 



Now using Lemma I2TT 

k(x)\ 

< a* T \ P \(x -p) = mm \a k (x - p)\ 



max|afc(a;)| < min|afc(x)| = min \ak(Sr\p(x — p))\ 
p\r r\p r\p 1 v x n 



T\P 



Different choices may appear in case of ties in the size of coefficients. 
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Thus, by (12. 2p again 

• i / m ^ 1 ll 5 r\p(x 1 ||G|r\p|(x if 
mm \a k (x — p)\ < — = ry-^V - — < — 



r \ p °i \\J2r\p e k\\ ci ||Er\p e fcll " c i ^(l r \ ^1) ' 

Combining these inequalities we obtain 

i2 < — K——— x-p . 

a hi{\T\P\) 

Observe that since the basis is quasi-greedy, if A C B we have ||1a|| < ^1|1b|| ■ 
Hence, h r (\P\T\\) < Kh r (N) since |P\T| < N. Similarly, hi(\T\P\) > ^h{k) 



since k < |T \ P\ . Thus, 



r < C 2 3 ftrW || | 
Ci 



We now estimate 7i, following the approach in [6]; namely, 
Ji = ||a; - »S , p UB (a;)|| = ||sc -p - S PviB {x - 

< \\x-p - S B (x -p)\\ + \\S P \ B (x - p)\\ = Ji + J 2 . 

Clearly 

Ji = ||x -p - G k (x —p)\\ < (1 + K) \\x —p\\. 
To estimate J 2 use (12.21) and the quasi-greediness of the basis to obtain 

J 2 < c 2 max \a,j(x — p) I /i r (|P \ B\) < 0% rrnn \a,j(x — p)\ h r (\P \ B\) 



N, 



c 2 h r {\P\B\) I, I, ca MjP\Bj) 

ci /iz(|-B|) ci /i z (fc) 

As before, /i r (|P \ JB|) < K h r (N), so we deduce 

7 2 < — K ——- \\x-p \\. 
ci hi{k) 

Thus, putting together all cases we obtain 

\\x - G N+k (x)\\ < c (1 + -^-7^7- ) Ik VpeS 

with the constant c of the order if 3 c 2 /ci = 0(K 6 ). 
Remarks: 

• As pointed out in [TTJ, (18. ip improves over ( II. 3p in some situations. For in- 
stance, assume hi(N) = N a and h r (N) = N 13 with < a < (3 < 1. If 2 is such 
that a N (x) = 0(N- r ) then (Q gives 

while (ED gives, when M = k + N with A; ^ M « iV /3 / ct , 

||x-G M (x)|| < a cMaA8 (x) < M~ ra///3 . 

When r < (3, the second estimate improves over the first (for large M). In the 
language of approximation spaces (see e.g. [9]), these estimates can also be 
read as 

A^X) ^^00 p (X). 
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• The estimate (18.11) is only interesting when lim^oo hi (k) = oo (so that hi(k) 
can reach h r (N)), and cannot be improved when hi is just bounded and 
h r (N) — > oo. To see the latter, arguing as in Lemma 13.21 one can find dis- 
joint sets A, B with \A\ = N + k, \B\ = N and ||1 B ||/||1 A || > h r (N). Setting 
x = 21a+1b one sees that \\x—Gjq + k{.x)\\/a^{x) > \\1b\\/\\1a\\ > h r (N) — >■ oo. 

9. Some questions 

Quasi-greedy bases in L p (T d ) were studied in [201 EI] • In these cases one always has 
~ iV'p" 5 ', from the type and cotype properties of L p (T d ), 1 < p < oo. Hence, 
using Theorem 11.11 (and (II .4p ) one obtains that Cm < jv'p"! , when p ^ 2, a result 
which was proved in [2Tj. When p = 2, this argument only gives Cm < log N, a result 
which goes back to [2"2] . 

Question 1. (Asked in [201 E])- Investigate whether, for quasi-greedy bases in a 
Hilbert space, the inequality Cm ^ log N can be replaced by a slower growing factor. 

Recently, P. Wojtaszczyk [25] has showed us that, for quasi-greedy bases in L 2 , say 
with constant K, there exists a = a(K) < 1, such that Cn ^ (log N) a . Also, it can 
be deduced from the results in [5] that Cat < (log A r ) 1//2 for all quasi-greedy besselian^ 
bases in L 2 . However, no examples where these bounds are attained seem to be known. 

Consider now the trigonometric system T d = \e lkx : k £ Z d } in L p (T d ), 1 < p < oo 
(understood as C(T d ) for p = oo). Notice that T d is not quasi-greedy in L p , p ^ 2. 
It was proved in [T71 Theorem 2.1] that one also has 

C N = C N (T d , L p (T d )) < iV , 1 < p < oo . 

Question 2. (Asked by V. N. Temlyakov at the Concentration week on greedy 
algorithms in Banach spaces and compressed sensing held on July 18-22, 2011 at 
Texas A&M University.) 

a) Characterize those systems B in L p (T d ), 1 < p < oo , such that 

C N (B,L p (T d )) <N^\, N = 1,2,... 

Notice that ifl<p^2<oo, the characterization must be satisfied by T d as well as 
any quasi-greedy basis. 

More generally, let v(N) be an increasing function of N. 

b) Characterize, in a Banach space X, those systems B (not necessarily quasi-greedy) 
for which C N (B,X) <v(N). 

10. Appendix: proof of ( 12. 2 p 

The proof suggested in [B] for the inequalities in (12. 2 p is only valid for real scalars 
ak G 1R; we give below a minor modification of their argument that establishes (12. 2 p 
also for complex scalars a^. Below K denotes the quasi-greedy constant in X. 

The first two lemmas are similar to [221 Prop 2]. 



5 Here besselian means ||(afe)||£2 < || J2k a k e k\\2, for all finitely scalars (afc). 
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Lemma 10.1. Let {e J -}^l 1 is a quasi-greedy basis in a Banach space X. For all ftj G C 
with \f3j\ = 1, and all finite sets A\ C A, it holds 

\\J2^\\< K \\J2^ e M ( 1(U ) 

jeAi jeA 

Proof. Call A 2 = A \ A x . For e > 0, define x = ^ jeAl (l + e )Pj e i + Ej 6j 4 2 Po e r Then 

\\G\ A ^x)\\ = {\ + e)\\^P i B i \\<K\\x\\ = + 

jeAi jeAi jeA 2 

Letting e -»■ we obtain (jlO.ip . □ 

Lemma 10.2. Let {e J }^ =1 zs a quasi-greedy basis in a Banach space X. For all 
6j G {±1, ±z}> anc ^ a M finite sets A it holds 

All Z>ill ^ IIE^II ^ 4 ^IIX>ill- ( 10 - 2 ) 

jeA jeA jeA 

Proof. Call A fc = {j G A : Ej = i k }, k = 1, ... ,4. Then, the triangle inequality and 
(fT0~Tj) (with all (3j = 1) give 

4 

\\J2 £ i e iW ^ E II E e ^'ll ^ 4K E e ^ll' 

jeA k=i j&A k jaA 

establishing the right hand side of (110. 2p . Arguing similarly, 



e j e j 



IIE^NEIIE^II ^ 4A 1IE< 

J6A k=l jeA k j£A 

where we have now used (110. ip with ftj = Sj. □ 

Lemma 10.3. For all complex ft = a + ib with \a\ + \b\ < 1, and for all x,y G X it 
holds 

\\x + fty\\ < max {\\x ± y\\, \\x ± iy\\}- (10.3) 
Proof. We may assume that a G [0, 1). Then 

+ < \\ ax + a u\\ + ||(i - a ) x + 

= a\\x + y\\ + (1 - a)\\x + ijy\\, (10.4) 
where we have set 7 = 6/(1 — a), which is a real number with I7I < 1. Now 

11^ + ^72/11 = H^lF^ _ w) + ~^{ x + W)\\ 

— ^?~\\ x ~ ^y\\ 'iFll 2 ' + ^|| — max 1 1 3? =b zj/ J J , 
where we have used that — 1 < 7 < 1. Inserting this into (I10.4p easily leads to 

(HMD. □ 

We now justify the right hand bound in (12. 2p . For a complex number a = a + ib 
we shall denote |a|i = \a\ + |6|. Then, iterating the previous lemma we obtain 

Ea,eJ < maxlaJi max > e,-e,- 
J Jn ~ jeA n ei e{±i,±i} 11 ^—f J JM 
ieA jeA 

< 4V2K max|aj| || X] e ill' ( 10 - 5 ) 

J6j4 J6A 
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where in the last step we have used Lemma TIP. 21 and the trivial estimate |a|i < \/2|q;|. 
We can now state a slightly more general version of Lemma 110.21 

Lemma 10.4. Let {e J -}^l 1 is a quasi-greedy basis in a Banach space X. For allej G C 
with \ei 



1, and all finite sets A it holds 



i 



AV2K 



E e J < ||5> e ill < 4 ^2^ll E e ill" 

jeA jeA jeA 



(10.6) 



Proof. The right hand side is a special case of (j!0.5j) . To obtain the left hand side, 
we consider the system {e^ := e^e,}, which is also a quasi-greedy basis in X with the 
same constant K. Thus, (110.5]) for this system (with a, = ef) gives 

\\Y< E M\ ^ 4 ^IIE s ill' 

jeA jeA 
but this is the same as the left hand side of (110. 6p . □ 

We turn now to the left hand inequality in ( 12. 2p . for which we follow the arguments 
in [61 p. 579]. We shall prove that, if A is finite then 



jeA 



> 



mm a, 



jeA 



(10.7) 



Write each scalar atj = £j\aij\, with £j G C such that \ej\ = 1, and consider a permu- 
tation {ji, . . . , j N } of A such that jc^-J > \atj 2 \ > ... > \aij N \. Let x = YlijeA a i e j an< ^ 



set Gn(x) 



0. Then 

N 



N 



a 



E 



£ ji e je | 



O 



JatI 



<=1 
AT-1 

E 

1=1 



(10.J 



< la 



1 



AT-1 



(la,!, J \a jt \) 



K \ \x\\ < 2K \ \x . 



On the other hand, by Lemma 110.41 the expression on the left of (1 1 . 8 [) can be esti- 
mated from below by \otj N | || J2jeA e j\\/^ K ' from which CM) follows. 
Thus, putting together ( 110. 5p and (110. 7p we have shown 



Proposition 10.5. Let {ej}fL 1 is a quasi-greedy basis in a Banach space X. If A is 
finite and atj G C then 

otjej 1 1 < 4 V2 K rj 



SV2K 2 



mm I a 



E 

jeA 



< 



jeA 



E' 

jeA 



References 



[1] P. Bechler, Inequivalence of wavelet systems in Li(lR d )(md BV(R d ). Bull. Pol. Acad. Sci. Math. 
53 (2005), no. 1, 25-37. 

[2] A. Cohen, W. Dahmen, I. Daubechies, R. DeVore, Harmonic analysis of the space BV. 

Rev. Mat. Iberoamericana 19 (2003), no. 1, 235-263. 
[3] A. Cohen, R. DeVore, P. Petrushev, H. Xu, Nonlinear approximation and the space 

BV(R 2 ). Amer. J. Math. 121 (1999), no. 3, 587-628. 



LEBESGUE-TYPE INEQUALITIES FOR QUASI-GREEDY BASES 



19 



[4] S.J. Dilworth, N.J. Kalton, D. Kutzarova, On the existence of almost greedy bases in 

Banach spaces, Studia Math. 159 (2003), no. 1, 67-101. 
[5] S.J. Dilworth, M. Soto-Bajo, and V.N. Temlyakov, Quasi-greedy bases and Lebesgue-type 

inequalities, preprint 2012. 
[6] S.J. Dilworth, N.J. Kalton, D. Kutzarova, and V.N. Temlyakov, The Thresholding 

Greedy Algorithm, Greedy Bases, and Duality, Constr. Approx., 19, (2003), 575-597. 
[7] S.J. Dilworth, D. Mitra, "A conditional quasi-greedy basis of l 1 ", Studia Math. 144 (2001), 

95-100. 

[8] G. Garrigos, E. Hernandez, J.M. Martell, Wavelets, Orlicz spaces and greedy bases, Appl. 

Compt. Harmon. Anal., (24): (2008), 70-93. 
[9] G. Garrigos, E. Hernandez, M. de Natividade, Democracy functions and optimal em- 
beddings for approximation spaces, Advances in Computational Mathematics, Accepted, 2011. 

(Online: 23 September 2011), pp. 1-29, doi:10.1007/sl0444-011-9197-0 
[10] E. Hernandez, Lebesgue-type inequalities for quasi-greedy bases. Preprint 2011. ArXiv: 

1111.0460v2 [matFA] 16 Nov 2011. 
[11] A. Kamont and V.N. Temlyakov, Greedy approximation and the multivariate Haar system, 

Studia Math, 161 (3), (2004), 199-223. 
[12] S.V. Konyagin and V.N. Temlyakov, A remark on greedy approximation in Banach spaces, 

East. J. Approx. 5, (1999), 365-379. 
[13] S.V. Konyagin and V.N. Temlyakov, "Greedy approximation with regard to bases and 

general minimal systems". Serdica Math. J. 28 (2002), no. 4, 305-328, 
[14] J. LiNDENSTRAUSS, "On a certain subspace of £ lv . Bull. Acad. Polon. Sci. 12 (1964), 539-542. 
[15] J. LiNDENSTRAUSS, L. Tzafriri, Classical Banach spaces, vol I, SpringerVerlag 1977. 
[16] I. Singer, Bases in Banach Spaces, vol. I, SpringerVerlag 1970. 

[17] V. N. Temlyakov, Greedy algorithm and n- term trigonometric approximation, Const. Approx., 
14, (1998), 569-587. 

[18] V.N. Temlyakov, Greedy approximation, Acta Numerica (2008), 335-409. 

[19] V.N. Temlyakov, Greedy approximation, Cambridge University Press, 2011. 

[20] V. N. Temlyakov, M. Yang, P. Ye, Greedy approximation with regard to non-greedy bases, 
Adv. in Comp. Math., 34, (2011), 319-337. 

[21] V. N. Temlyakov, M. Yang, P. Ye, Lebesgue-type inequalities for greedy approximation with 
respect to quasi-greedy bases, East J. Approx 17 (2011), 127-138. 

[22] P. Wojtaszczyk, Greedy Algorithm for General Biorthogonal Systems, Journal of Approxima- 
tion Theory, 107, (2000), 293-314. 

[23] P. Wojtaszczyk, Greedy type bases in Banach spaces. Constructive theory of functions, 136— 
155, DARBA, Sofia, 2003. 

[24] P. WOJTASZCZYK, Projections and non-linear approximation in the space BV(IR rf ). Proc. London 
Math. Soc. 87 (2003), no. 2, 471-497. 

[25] P. WOJTASZCZYK, personal communication, June 2012. 

Gustavo Garrigos, Departamento de Matematicas, Universidad de Murcia, 30100 
Murcia, Spain 

E-mail address: gustavo.garrigos@um.es 

Eugenio Hernandez, Departamento de Matematicas, Universidad Autonoma de Madrid, 
28049, Madrid, Spain 

E-mail address: eugenio.hernandez@uam.es 

TlMUR OlKHBERG, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, URBANA, IL, 

USA 

E-mail address: oikhberg@illinois.edu 



